Abstract. We prove that the Artin group A(235) is not coherent.
Introduction
A group is coherent if all its finitely generated subgroups are finitely presented. Droms characterized coherent right-angled Artin groups [Dro87] . Subsequently, Gordon gave a classification of coherent Artin groups that depends upon the incoherence of the Artin group A(235) associated with the Coxeter group H 3 . Whether or not A(235) is coherent was left as an open problem [Gor04] . In this paper, we prove that A(235) is not coherent, confirming Gordon's suspicion and maintaining the simplicity of his classification.
In §2, we review the incoherence of most three generator Artin groups, using our main tool: the Bestvina-Brady Morse theory. There appears to be a rather uniform source for the incoherence: There is a subcomplex Y of the covering space of the standard 2-complex X of the usual presentation of the Artin group A, and the Bestvina-Brady theorem applies to show that π 1 Y is not coherent. This method fails in two cases: The family of Artin groups A(22n), which are coherent, and the Artin group A(235), where the author was unable to prove that Y is π 1 -injective.
In §3 we examine the groups A(233), A(234), and A(235) more closely and consider the finite index subgroup A which is the kernel of the homomorphism A → C, where C is the underlying Coxeter group. Using geometric arguments, we show that A splits as a (bigonal) graph of groups where all vertex groups and edge groups are isomorphic to a group B (depending on A), and we determine a presentation for B.
In §4 we observe that this leads to hierarchies for A(233) and A(234), as the group B has a very simple structure as a graph of free groups. In particular, it is easy to see from this that π 1 Y is a subgroup in this case. Our many efforts to prove something similar for A(235) were stymied, and we have emerged with a healthy respect for A(235).
In §5, we use the center of A to see that the splitting of A is actually a product B × Z-undoubtedly an old and basic fact, but one that we found rather surprising. We use this to see that cd(B) = 2, which we could not otherwise prove for A(235). We then apply the Bestvina-Brady theorem to B to obtain a finitely generated normal subgroup of B that is not finitely presented. This proof works for A(233), 
A(234), and A(235).
We give an alternate proof that relies on a result of Bieri characterizing finitely presented normal subgroups, and this only works for A(235).
We close the paper with a collection of problems in §6.
Applying Bestvina-Brady Morse theory
In this section we describe a simple application of Bestvina-Brady Morse theory to detect finitely generated normal subgroups of subgroups of Artin groups. We refer the reader to [BB97] We apply the Morse theory to a subcomplex Y ⊂ X, where X → X is the covering space corresponding to the Coxeter group quotient, and X is the standard 2-complex of the three generator Artin group A(pqr). Recall that A(345) is presented by a, b, c | aba = bab, bcbc = cbcb, acaca = cacac and presentations for A(pqr) are similar.
When p, q, r ≥ 3, then the smallest example Y to consider is associated to three polygons glued around a vertex and their lengths are 2p, 2q, 2r. When p = 2 and q, r ≥ 3, then we use the union of two polygons of lengths 2q, 2r glued along an edge, with additional squares attached along its two endpoints. We refer the reader to 
We note that when p, q = 2, the construction fails to yield incoherence, as the complex Y does not π 1 -inject in X. In fact A(22r) = π 1 X is coherent in this case, since it is commensurable with F 2 × Z 2 . We now observe that Y is aspherical. One explanation is that it has a topological hierarchy whose edge spaces are π 1 -injective graphs. This type of explanation is elaborated upon in §4.
The kernel of π 1 Y → Z is finitely generated but not finitely presented. This follows from Proposition 2.1, since Y is aspherical but the ascending and descending links are connected but not simply connected. See Figure 2 for the various ascending and descending links of Y illustrated in the A(234) case. It also follows from an idea perhaps first applied by Stallings: For a short exact sequence 1
The map Y → X is readily shown to be π 1 -injective for A(pqr) with
r ≤ 1, but we do not describe the details, as we focus here on the spherical case. Except
where V is a hemisphere vertex space (see §3). The π 1 -injectivity of the latter map is proven in §3. For A(233) and A(234), the former map is π 1 -injective since Y can be sliced off from V using a hierarchy.
Great circle splitting
Let A be a spherical Artin group, so A is one of:
A(22n), A(233), A(234), A(235).
Let X denote the standard 2-complex of the presentation of A.
Consider the quotient A → C to the underlying Coxeter group C. Let X → X denote the covering space associated to this quotient, so π 1 X is the kernel of A → C. The group C acts as a reflection group on the 2-sphere S and there is an equivariant map X → S. To see that the preimage of W in X consists of two components, note that W 1 passes through 1-cells that are consistently oriented from U to V , and W 2 passes through 1-cells oriented from V to U . Such pairs of graphs that are preimages of (arcs of) a great circle will be important again later; see Figure 12 .
Remark 3.2. I suspect Theorem 3.1 can be restated to hold more generally, possibly for all Artin groups. In particular, a modified version holds for planar-type Artin groups. Proof of Theorem 3.1. We will find that a sufficient set of relators for the subgroup of π 1 X generated by π 1 W i is given by the spherical sections S → X. Each such section overlaps W i along a great circle, and its two hemispheres naturally provide relators in the two vertex spaces U, V of X.
Consider the open combinatorial neighborhood We will prove that Z → V is a π 1 -isomorphism by showing that (after removing some open 3-balls) the space M deformation retracts to Z ∪ W i N [−1,0] (W i ) which has the same homotopy type as Z. An analogous explanation confirms the π 1 -isomorphism Z → U as well as two additional such π 1 -isomorphisms to U, V . It follows that π 1 X splits as a bigonal graph of groups and hence U and V are π 1 -injective subcomplexes.
Collapsing faces of 3-balls: We begin with a sequence of (removed and) collapsed 3-balls of M along free faces consisting of 2-cells in V . The sequence of collapses is indexed in order by numbers, but the exact order of the collapses is interchangeable when the indices are the same. A straight arrow indicates which 2-cell is the free face, and the basepoint of the arrow is the initial vertex of the section associated to the hemisphere collapse. See the first two diagrams in Figure 6 . For each such collapse, we first remove all other open 3-balls attached along the (designated) free face 2-cell and then collapse by removing the free face 2-cell together with the final 3-ball. The reader can verify the critical feature of the ordered sequences: The 2-cells used as free faces of earlier 3-collapses do not occur on the attaching maps of subsequently collapsed 3-balls, and likewise the 1-cells used as free faces of earlier 2-collapses do not occur on the attaching maps of subsequently collapsed 2-balls.
Collapsing faces of 2-balls: A further sequence of 2-collapses of 2-cells along 1-cells is given in the subsequent diagrams using a different notation. The initial point of a "turned arrow" indicates the 2-cell that a 1-cell is collapsed along. The arrow proceeds from the corner along a 1-cell to indicate the free face where the collapse occurs. We refer the reader to the third and fourth diagrams in Figure 6 .
Collapsing faces of 1-balls: There is a final sequence of 1-collapses until we arrive at Z ∪ W i N [−1,0] (W i ). These are indicated by the trees in Figure 11 .
We refer the reader to Figure 7 for the data describing the procedure for A(233), and to Figures 9 and 10 for A(234) and A(235). While these figures are drawn on the modified Cayley graph of the associated Coxeter group, they must be interpreted for X and actually for M . We recommend the reader first practice interpreting the data with A(233). As there are two types of walls, there are essentially two combinatorial possibilities for both A(22n) and for A(234). We leave A(22n) to the reader, and we indicate both possibilities for A(234).
Remark 3.4. It seems that hyperbolic or Euclidean planes (instead of spheres) should be interpreted to mean that there are no additional relations. It would be interesting to see a formal proof generalizing the spherical situation.
Hierarchies for the vertex groups
We now explain that for A(233) and A(234) the vertex groups split as a graph of free groups. See Figure 12 . Namely, for each arc of a great circle, there is a splitting as a graph of groups with two edge groups and two vertex groups. This is again induced by the splitting of the space as a graph of spaces, whose edge spaces are the carriers of the two components of the preimage of a great circle arc and whose two vertex spaces are the components of their complement. Figure 6 . The straight arrow on the left indicates a 3-collapse, whose 3-cell is attached along the hemisphere indicated by the arrowed half-section in the first diagram and whose free face is the highlighted 2-cell in the second diagram. The turned arrow on the right indicates a 2-collapse, whose 2-cell is highlighted in the third diagram, and whose free face is the highlighted 1-cell in the fourth diagram. In each case, the relevant cells are associated to attaching maps directed outwards from the basepoint of the arrow. In this case, at each stage, the edge groups are free groups, and split geometrically as free products of the free groups one gets in this way by virtually splitting a single 2-generator Artin group.
I had originally expected A(235) to split as a graph of graph-groups, but determining such a splitting (if it exists) will require ingenuity. See Figure 13 . We nevertheless have:
Remark 4.1. The group π 1 V splits as a graph of groups whose underlying graph is a chain of four bigons. All edge groups and vertex groups are finitely generated, and all edge group attaching maps are isomorphisms.
This follows along the lines illustrated in Figure 13 . The four pairs of edge spaces associated to each bigon correspond to the four bold vertical curves. (Note that there is another such family of four curves associated to a second such splitting.) It is easy to check that the attaching maps of the edge spaces are π 1 -surjective, and the result therefore follows.
Cohomological dimension, the center, and the conclusion
The finite-type Artin groups with three generators are shown to act cocompactly on 3-dimensional CAT(0) complexes in [Bra00] . In particular, this shows that they have cohomological dimension at most 3. For
contains a copy of Z 3 and hence has cohomological dimension 3. Let B = B(pqr) denote π 1 V , where V ⊂ X is the π 1 -injective subcomplex contained in the hemisphere that we studied in §3. Let A = π 1 X. As shown in Theorem 3.1, A splits as a graph of groups where each vertex group is isomorphic to B, the underlying graph is a bigon, and the inclusions of edge groups are isomorphisms. Thus A ∼ = B Z.
We will utilize the following striking property of finite-type Artin groups proven by Brieskorn-Saito and Deligne [Del72] . Observe that we can choose Δ 2 as the generator of the Z factor in our decomposition of A as B Z. Indeed the path Δ 2 travels from a basepoint in the first copy of V through the outward oriented edge space, and then returns through the inward oriented edge space and ends on the basepoint.
Applying Proposition 5.1 to see that Δ 2 is central, we find that A ∼ = B × Z. Consequently, B has cohomological dimension 2 as cd(A) = cd( A) = cd(B) + 1. Here the first equality holds since A is a finite index subgroup of the torsion-free group A, and the second equality holds since A ∼ = B × Z [Bro94] .
The incoherence of the nonspherical three generator Artin groups was sketched in §2, and we now reach our conclusion that the spherical Artin groups A(pqr) = A(22n) are incoherent. In particular, this applies to A(235) to obtain our main goal.
Theorem 5.2. Each of A(233), A(234), and A(235) has a (finite index subgroup with a normal) finitely generated subgroup that is not finitely presented.
We give two similar proofs yielding two finitely generated subgroups that are not finitely presented. The first proof applies uniformly, and the second only applies to A(235). Apparently, the difficulty leading to the A(235) gap in our earlier proof of incoherence (using Y ) makes its presence felt here in additional incoherence.
The first proof uses the following fundamental result of Bieri [Bie76] . A routine computation (that is simplified by viewing B as L F 4 with L 10-generated) shows that β 1 (B) ≤ 14. For each n-gon in the picture of V , there is a retraction onto the corresponding subcomplex.
This gives retractions of B onto various subgroups and hence provides embeddings of their homology groups, and the retractions show that their embedded H 2 subgroups are independent. Each has β 2 = n 2 − 1, and thus, since there are 13 4-gons, 8 6-gons, and 4 10-gons, we obtain β 2 ≥ 13(1) + 8(2) + 4(4) = 45. In conclusion, we find that χ(B) = β 2 − β 1 + β 0 ≥ 45 − 14 + 1 = 32. (Here we use that β d = 0 for d ≥ 3.) Proposition 2.1 applies to the orientation induced map V → S 1 to see that the kernel K of B → Z is finitely generated. Since χ(B) > 0 we can apply the Stallings contradiction described in §2 to see that K is not finitely presented. (Alternately, if K were finitely presented, then Proposition 5.3 would imply that K is free. However, I do not see a quick explanation that it is not free.)
6. Problems Problem 6.1. Prove that the embedding Y ⊂ V is π 1 -injective for A(235).
Problem 6.2. Give a direct proof that cd(B) = 2 for A (235) . Better yet, perhaps there is a combinatorial proof that V is aspherical.
Remark 6.3. While the vertex groups of the obvious splittings of B(235) are finitely generated, and indeed B has an infinite finitely generated free quotient with a finitely generated kernel K, the subgroup K is not finitely presented. Indeed it is not free as it contains a copy of Z 2 . It therefore cannot be finitely presented by Proposition 5.3. Problem 6.5. Find (virtual) hierarchies for arbitrary Artin groups. In particular, this appears to be approachable when the underlying Coxeter group is 2-dimensional.
An interesting virtual hierarchy for A(233) is given in [DLS91] , and some other work giving hierarchies for A(pqr) with Gordon explains why F 2 × F 2 cannot embed in A(233) and A(234) [Gor04] . He attributes the original proof that it does not embed in A(233) to Akimenkov.
